On the analysis of Bérenger's Perfectly Matched Layers for Maxwell's equations by Bécache, Eliane & Joly, Patrick
HAL Id: inria-00072458
https://hal.inria.fr/inria-00072458
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
On the analysis of Bérenger’s Perfectly Matched Layers
for Maxwell’s equations
Eliane Bécache, Patrick Joly
To cite this version:
Eliane Bécache, Patrick Joly. On the analysis of Bérenger’s Perfectly Matched Layers for Maxwell’s









   



















ap por t  
de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
On the analysis of Bérenger’s Perfectly Matched
Layers for Maxwell’s equations
Eliane BECACHE, Patrick JOLY
N° 4164
Avril 2001
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)










5Z tp`Zjsx Oru¡$¢ZOdfjkt£Md%xpjk£nqpdIp`bdfdS¥¤¦d%|Spmk{¨§©nqp|`bd zª n%{MdSx9«?¬§ ª­ jkt£pr z lb|%d z¨® {.¯*°SdStZMdS
± q²¤¦ru z d%xjktZjktZvd~³´|SjsdSt£p9t£lZcDdSjs|nqm1n ® xru ® jktZmon{MdSxfjktµdSmsd%|Spruc´nqtbdSpjsxc¨¶¸·#d\c´nq¡Md¸n.c´nqp`bdSc´nqpjs|nqm
nqtnqmk{xjsxrq¤p`ZjsxIcDr z dSm ¢¹bxpIAjonn¨cDr z nqm*nqtnqmk{Axjsx91jkp`ºxpynqt z nq zº» rulZjsdSpd%|`ZtZjs¼Qlbd%x¢p`bdSt½Qjon¨dStbdS{
pd%|y`ZtZjs¼£lbd%x¶*·#dIr ® pynqjktlZtZj¾¤¦ruc¿jkt¨pjkcDd9xpyn ® jkmkjkpÀ{d%xlZmkpx9«Vp`nqp c´nq¡MdIwZd%|SjsxdIxyrucDdfd%xlZmkpx ¡QtbrÁ1tjktp`bd
mkjkpdSynqplZd ­ nqt z xpynqpdxrucDddStbdS{ z d%|n%{d%xlZmkpxEp`nqp8jkmkmklbxpynqpdp`bdn ® xru ® jktZ.wZruw$dSpjsd%xrq¤¬p`bd9cDr z dSm ¶
_*`Zjsx monuxp1pd%|`ZtZjs¼Qlbd9nqmkmsrÁxlbx1pr\wZrÁMdp`bdfxpyn ® jkmkjkpÂ{rq¤Ãp`bd8Ä¬d%dÅÆx x|`bdScDd8¤¦ru z jsx|SdSpjkÇ%jktZ/§ ª ÅÆx¶
ÈÉ£Ê$ËÌ9Í 5ÎÃ n ® xru ® jktZÏmon%{MdSx¢E/§ ª ¢*§vn5}OdSmkm ÅÆx.d%¼Qlnqpjsrutbx¢ xpyn ® jkmkjkpÀ{M¢G`£{AwdS ® rumkjs|©x{AxpdScDx¢ » rulZjsdS
nqtnqmk{xjsx¢ZdStbdS{.pd%|`ZtZjs¼Qlbd%x¢bÄ¬d%dÅÆxx|`bdScDd
ÐÑVÒÓÑVÔÕsÖ ×%ØÙ%ÚqÛÝÜqØ¥×TÚ5Ö¦ÞßZàbáãâåäTÜqÛTß æÛ¥ØäTØÀçqÛèÃâåÜÁÖ âåäÁß éêÖ
ë ÑVÒÓÑVÔÕsÖ ×%ØÙ%ÚqÛÝÜqØ¥×TÚ5Ö¦ÞßZìZäÞ¦Ö âãØÂíß î~×~áÆïqèÃâãÜ5Ö âåäÁß éðÖ
 79 ÁÀ		 +9 &7&$9	1$%	¥   	+9	I0+ 4$9  7I 
6879	*+9 ()	*234y
	 
   nqtbx|%d pyn%nqjkm ¢$tbrulbxf|%rutbxj z °Srutbxfmsd cDr z aSmsd z d |%rulb|`bd%xIwnq¥¤¦nqjkpdScDdStQp9n z nqwZp°%d%x¢ z jkp/§ ª
«?ÃdS¥¤?d%|Spmk{§vnqp|y`bd zª n{MdSx ­ ¢bjktQpr z lZjkpGwnqG¯*°SdStZMdS ± 5²w$rulZmon cDr z °Smkjsxynqpjsrut z d8¤VrutQpjsaSd%xEn ® xyru ® nqt£pd%x
dSt°Smsd%|Spruc´nqtb°SpjsxcDd¶Erulbx´cDdStbrutbx.lZtbd©nqtnqmk{xdc´nqp`b°Sc´nqpjs¼Qlbd z d|%dcDr z aSmsd¢ z Å lZtbdvwnqp¸wnqlZtbd
nqtnqmk{xdcDr z nqmsdwnqpynqtbx¥¤¦ruc´nqpjsrut z d » rulZjsdS¢ z ÅãnqlZpdwnqpwnq z d%x´pd%|y`ZtZjs¼£lbd%x.°StbdSM°Spjs¼Qlbd%x¶Grulbx
r ® pdStbrutbxDnqjktbxj z d%x°%xlZmkpynqpx z d.xpyn ® jkmkjkp°¸lZtZj¾¤?rucDd.dSt½pdSc\wbx«?¼£lZj*wZ°%|SjsxdStQp z d%x°%xlZmkpynqpx z °Ý|%rutZt£lbx
z nqtbx9mon.mkjkpp°SynqplZd ­ dSp9°Spyn ® mkjsxxrutbx z d%xf°%xlZmkpynqpx z d z °%|SrujsxxTnqtb|%d z ÅÆ°StbdSjsd¸¼£lZj/jkmkmklbxpdSt£pmsd%xfwZruwZjs°Sp°%x
z Åãn ® xruwZpjsrut z l¸cDr z aSmsd¶ dSppd z dStZjsaSdGpd%|y`ZtZjs¼£lbdEw$dScDdSp*nqlbxyxj z d z °ScDrut£pdS1monIxpyn ® jkmkjkp° z l.x|y`b°Sc´n z d
Ä¬d%dw$rulZ z jsx|S°SpjsxdS msd%x |%rulb|`bd%xEn ® xru ® nqt£pd%xÁ¶
 Í  Ë   " |%rulb|`bd%xn ® xru ® nqtQpd%x¢ /§ ª ¢¬°%¼Qlnqpjsrutbx z d§©n5}OdSmkm ¢¬xpyn ® jkmkjkp°¢¬x{xpaScDd%xD`Q{Qw$dS ® rumkjs¼£lbd%x¢
nqtnqmk{xd z d » rulZjsdS¢cD°Sp`br z d%xG°StbdSM°Spjs¼£lbd%xÁ¢bx|`b°Sc´n z dEÄ¬d%d
 
		 	 "!#%$"&'( 	*) +,-".	 
/ 	10  324GG
4 5 6  Í Î
87 Í 6 9
: ; Í 

7 É  6   Ê 87V Í< 8= É?>  

= ÊA@  Í   É  Z Í B7= É Î  Í 8= É  Í 6  6   Í ÉDC E7 É 6 
F   É 6HG É BI¾\ Ê % É  J
¶k dSmkjkc\jktnq{d%xlZmkpx ¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ K
¶k¶k _*`bdI  §vn5}OdSmkm ÅÆxGd%¼£lnqpjsrutbxÁ¶ ¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ K
¶k¶ã _*`bdfxwZmkjkp*¤¦ruc¿rq¤§vn5}OdSmkm ÅÆxGd%¼£lnqpjsrutbx ¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ã _*`bdf¯*°SdStZMdSÅÆx ¬§ ª x{AxpdSc¶f¶¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ L
¶ã » rulZjsdSGnqtnqmk{xjsxrq¤x{xpdSc «¥ ­ ¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ M
¶ã¶k ·#dnq¡.OdSmkmON w$rxd z tbd%xx¶f¶¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ M
¶ã¶ã hQpyn ® jkmkjkpÀ{nqt z nwZjsrujd%xpjkc´nqpd%x ¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ P
¶ã¶ã rArq¤rq¤p`bdfxpyn ® jkmkjkpÂ{nqt z nwZjsrujd%xpjkc´nqpd%x ¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
9  6   Ê Q7= ÍR< 8= ÉSF   É 6TG É  Ê % É   Ê É 6 É  G Ê  É "= 6 7U 
 É  4WV
¶k  t£pr z lb|Spjsrut½¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 8L
¶ã X`nur
N *nqtZMdSmkmonqjsxÅÆx ¤?ruc9lZmonqpjsrutvnqt z jkpx d%¼£lZjknqmsdStb|%d1jkp`¯*°SdStZMdSÅÆx1¤¦rucIlZmonqpjsrut ¶¶f¶f¶ %M
¶ã¶k X`nur
N *nqtZMdSmkmonqjsxÅÆx ¤?ruc9lZmonqpjsrutjktnmon{MdS wnqynqmkmsdSm'pr\p`bdY.n5}jsx\¶f¶f¶¶f¶¶I¶¶f¶f¶ %M
¶ã¶ã _*`bdf/§ ª cDr z dSm jktn |%rutbdS z ruc´nqjkt ¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ã ZtbdS{ z d%|n%{.d%xlZmkpx1¤?ru\[^]`_ |%rutbxpynqt£p)¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ã¶k » rucIlZmonqpjsrutvjktnmon{MdSwnqynqmkmsdSmpr p`bdaYn5}jsx ¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ã¶ã _*`bdf/§ ª cDr z dSm jktn |%rutbdS z ruc´nqjkt ¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ e ZtbdS{ d%xpjkc´nqpd%x ® nuxyd z rutbX`nur
N *nqtZMdSmkmonqjsxÅÆx/¤¦rucIlZmonqpjsrut´jkt\p`bd1|nuxd1rq¤MdStbdSynqmunqjon ® msd
|%rAd~³´|SjsdSt£px¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶¶f¶¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ eb¶k _*`bdf/§ ª cDr z dSm jktnmon%{MdSGwnqynqmkmsdSm'pr\p`bdYn5}AjsxE¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ 
¶ eb¶ã _*`bdf/§ ª cDr z dSm jktn |%rutbdS z ruc´nqjkt ¶f¶I¶¶f¶¶f¶¶f¶f¶¶I¶¶f¶¶f¶f¶¶f¶¶I¶¶f¶f¶ qe
c d6 É  G Ê É %87 µ É  <ÂÍ ´8= ÉSe8ÉQÉ Ik¸
= É  É : J
 fI Í Í<ÍR<  É  # 4 ËQg 7ih 9Rj
k l G$+79&
 tp`Zjsx1wnqw$dS¢ZOdjktQMd%xpjk£nqpd8¤?ruc nc´nqp`bdSc´nqpjs|nqmw$rujkt£pGrq¤AjsdSp`bddS¥¤¦d%|Spmk{§vnqp|y`bd zª n{MdSx9«?/§ ª­
jktQpr z lb|%d z.® {¯*°SdStZMdS ± 5²jktru z dS*pr z d%xjkt.d~³´|SjsdStQp1t£lZcDdSjs|nqmn ® xru ® jktZ ® rulZt z nq{|%rut z jkpjsrutbxf«VcDrud
d~}bnu|Spmk{"n ® xru ® jktZ mon{MdSx ­ ¤¦rup`bd©|%ruc\wZlZpynqpjsrut rq¤IpjkcDd z dSw$dSt z dSt£pxyrumklZpjsrutbxrq¤9§vn5}OdSmkm ÅÆxd%¼Qlnqpjsrutbx
jktlZt ® rulZt z d zz ruc´nqjktbx¶*_r z dSjkMdIp`bdI¯*°SdStZMdSÅÆxG¬§ ª cDr z dSm ¢rutbd¹bxp dS1jkpd%xG§©n5}A dSmkm ÅÆxGd%¼Qlnqpjsrutbx¢
1`brxdlZtZ¡QtbrÁ1tbxOnqd*p`bd1dSmsd%|Spjs| nqt z c´nqtbdSpjs|¹dSm z xnm-oqp(r^s~¢Mjkt´n8xr|nqmkmsd zut xwZmkjkp¤?rucuv*jkt\p`bd*lZtZ¡Atbr1tbx
m-owp(rSx.p(rzy"s~¢Z1`bdSd{rSxDnqt z rzynqdtbrutN wZ`Q{Axjs|nqmnqjon ® msd%x¢Z1`brxdfxlZc jkMd%xp`bdc´nqtbdSpjs|f¹dSm z ¢WrSx\|
rzy~}r½¶¸Gtbd´p`bdStµr ® pynqjktbxIp`bd t /§ ª cDr z dSmOv ® {#n zZz jktZvn.MdS{ xw$d%|Sjonqm/ÇdSr
NÀru z dS\n ® xruwZpjsrutµpdSc¨¢
wZruw$rupjsrutnqm pr©xrucDd¨n ® xruwZpjsrut|%rQd~³´|SjsdStQpb[¶ » jktnqmkmk{M¢*nqt4n ® xru ® jktZ mon{MdSDjsxDr ® pynqjktbd z ® {µdSwZmonu|SjktZ
p`bdf§©n5}OdSmkm ÅÆxEd%¼£lnqpjsrutbx ® {.p`bdf/§ ª cDr z dSm'jktbxj z dIn\mon%{MdS rq¤¹btZjkpd1j z p`p`nqp xlZrulZt z xp`bd ® rulZt z d z
z ruc´nqjktDrq¤jkt£pdSd%xp¤¦rup`bd |%ruc\wZlZpynqpjsrutbxE«Vp`bd t §vn5}OdSmkm z ruc´nqjktv ­ ¶_*`Zjsx/n ® xru ® jktZmon{MdS`nuxp`bd wZruwdSpÂ{
pr ® d t w$dS¥¤?d%|Spmk{#c´nqp|y`bd z vy¶©_*`Zjsx9cDdnqtbx p`nqp\n n%Md¸wZruwnq£nqpjktZ jkt½p`bd t §©n5}OdSmkm z ruc´nqjktv z rAd%x9tbrup
wZr z lb|%dInqt£{.dd%|Spjsrut1`bdSt¨jkp1cDd%dSpxp`bdjktQpdS¥¤¦nu|%df1jkp`¨p`bdIn ® xru ® jktZDmon{MdS¶
» ru n.c´nqp`bdSc´nqpjs|Sjonqt'¢/p`bd\¹bxp9tnqplZynqm¬dd~}«Vp`nqpOdnqdD¤¦nqI¤Vruc ® dSjktZp`bd\¹bxp9pr¨`n%Md ­ jsxIpr
xpl z {p`bdEOdSmkmON w$rxd z tbd%xxrq¤p`bd *nqlb|y`£{.wZr ® msdSc¿nuxxrA|Sjonqpd z pr9p`bd8/§ ª cDr z dSm ¶_*`bdSd~¤?rud¢Zpynq¡AjktZ jkt£pr
nu|%|%rulZtQpIp`bd´n ® lZt z nqtQp9mkjkpdSynqplZd´p`nqpf`nux ® d%dSt z dSMrupd z pr.p`bdDxl ® ¥d%|Sp¢jkpfjsxtnqplZynqm/pr rut z dSI1`bdSt
dn z jktZp`bd\pjkpmsdDrq¤*p`ZjsxwnqwdSIj¾¤ p`bdSd\jsxIxrucDdSp`ZjktZtbdS jkt p`bdDwZd%xdSt£p9Oru¡$¶  t z d%d z ¢Od´p`ZjktZ¡p`nqp
p`Zjsx jsx1p`bd|nuxdInqt z rutbdfrq¤p`bdfr ® d%|SpjkMdfrq¤p`Zjsx1jkt£pr z lb|Spjsrutjsx*pr´d~}AwZmonqjkt¨1`Q{M¶
ÓÓ Ü8*
e     q"
	u  
ª dSpGlbx d%|nqmkmp`nqp ¤?ru8nDx`brupGwdSjsr z ¢xpynqpjktZ´¤Vruc p`bdIr ® xdSnqpjsrut ± ~²p`nqp p`bd9/§ ª cDr z dSm*nuxEn
ÇdSr.ru z dS8wdSplZ ® nqpjsrut rq¤ n´Odnq¡Amk{`Q{Qw$dS ® rumkjs|I¹bxpEru z dSx{xpdSc«?xyd%d ± Pq² ­ ¢p`bdSd nuxn´lZcDrurutvp`bd
¤ nu|SpGp`nqpEp`bd /§ ª cDr z dSm|%rulZm z® dfjkmkmON w$rxd z ¢ z d%xwZjkpdrq¤¬p`bdI¤¦nu|SpGp`nqpEjkpEOru¡Md z MdS{¨ dSmkmtQlZcDdSjs|nqmkmk{M¶
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